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Abstract. Random intersection graphs (RIGs) are an important random struc-
ture with algorithmic applications in social networks, epidemic networks, blog
readership, and wireless sensor networks. RIGs can be interpreted as a model for
large randomly formed non-metric data sets. We analyze the component evolution
in general RIGs, giving conditions on the existence and uniqueness of the giant
component. Our techniques generalize existing methods for analysis of compo-
nent evolution: we analyze survival and extinction properties of a dependent, in-
homogeneous Galton-Watson branching process on general RIGs. Our analysis
relies on bounding the branching processes and inherits the fundamental concepts
of the study of component evolution in Erd6s-Rényi graphs. The major challenge
comes from the underlying structure of RIGs, which involves both a set of nodes
and a set of attributes, with different probabilities associated with each attribute.

Keywords: General random intersection graphs, random graphs, branching pro-
cesses, giant component, stochastic processes in relation with random discrete
structures.

1 Introduction

Bipartite graphs, consisting of two sets of nodes with edges only connecting nodes in
opposite sets, are a natural representation for many algorithmic problems on

networks. Social networks can often be cast as bipartite graphs built from sets of in-
dividuals connected to sets of attributes, such as membership of a club or organization,
work colleagues, or fans of the same sports team. A well-known example is a collabo-
ration graph, where the two sets might be scientists and research papers, or actors and
movies [27J18]. Simulations of epidemic spread in human populations are often per-
formed on networks constructed from bipartite graphs of people and the locations they
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visit during a typical day [[L1]. Bipartite structure is hardly limited to social networks.
The relation between nodes and keys in secure wireless communication, for examples,
forms a bipartite network [6]. Factor graphs have become a standard representation for
constraint satisfaction problems such as k-SAT and graph coloring. In general, bipartite
graphs are well suited to problems of classifying objects, where each object has a set
of properties [10]. However, modeling such networks remains a challenge. The well-
studied Erd6s-Rényi model, G, ;, successfully used for average-case analysis of algo-
rithm performance, does not satisfactorily represent many randomly formed social or
collaboration networks. G, ,, does not capture the typical scale-free degree distribution
of many real-world networks [3]. More realistic degree distributions can be achieved
by the configuration model [20] or expected degree model [7], but even those fail to
capture common properties of social networks such as the high number of triangles (or
cliques) and strong degree-degree correlation [[19/1]].

A straightforward way of remedying these problems is to characterize each of the
bipartite sets separately. One step in this direction is an extension of the configuration
model that specifies degrees in both sets [[14]. We study the related approach of ran-
dom intersection graphs (RIG), first introduced in [26l16]. Any undirected graph can
be represented as an intersection graph [9]. The simplest version is the “uniform” RIG,
G(n,m, p), containing a set of n nodes and a set of m attributes, where any given node-
attribute pair contains an edge with a fixed probability p, independently of other pairs.
Two nodes in the graph are taken to be connected if and only if they are both connected
to at least one common element in the attribute set. In our work, we study the more gen-
eral RIG, G(n, m, p) [22I21]], where the node-attribute edge probabilities are not given
by a uniform value p but rather by a set p = {p,, | w € W}. A node is attached to the
attribute w, with probability pu, This general model has only recently been developed
and only a few results have been obtained, such as expander properties, cover time, and
the existence and efficient construction of large independent sets [22121123].

In this paper, we generalize results that have previously been obtained for the uni-
form RIG [4.6], analyzing the evolution of components in general RIGs and obtaining
conditions for the existence and uniqueness of the giant component. Our main con-
tribution is a generalization of the branching process used for analyzing G, ,, [2]. By
considering an auxiliary process that is stochastically equivalent, we bound the stopping
time for the branching process on general RIGs, yielding bounds on the sizes of graph
components. The major challenge comes from the underlying structure of RIGs, which
involves both the set of nodes and the set of attributes, as well as the set of different
probabilities p = {p,, | w € W}. Our approach requires us to keep track of the history
of the branching process, which is directly dictated by this structure.

2 Model and Previous Work

In this paper, we will consider the general intersection graph G(n, m,p), introduced
in [2221]], with a set of probabilities p = {p., | w € W}, where p,, € (0, 1). We now
formally define the model.

! Note that the p., do not generally sum up to 1. Furthermore, we can eliminate the trivial cases
of p, = 0 and p,, = 1, corresponding to the absence of attribute w and to a complete graph.
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Model. Given a set of nodes V' = {1,2,...,n}, attributes W = {1,2,...,m}, and
probabilities p = {p,, | w € W}, for all (v,w) € V x W, define the i.i.d. indicator
random variables

I, . ~ Bernoulli(p,,). (1)

Every node v € V is assigned a random set of attributes W (v) C W
W) ={we W |1, =1} )

This is illustrated schematically in Fig. [l

A setof edges £ € V x V is then
defined, such that for two different nodes
Vi, Uy S V, {Ui,l}j} € Fiff

(W) "W (vj)| =5 (3)

for a given integer s > 1. Thus, two
nodes are adjacent if and only if they
have at least s attributes in common.
One limitation of our analysis is that
for simplicity, we fix s = 1.

Our model generalizes the uniform
model G(n,m,p), studied in [416],
where all p,, take on the same value p.
Different generalizations and special
cases have been studied in [ 13/15017.8]].

To complete the picture of previous
work, in [8] it was shown that when
n = m, a set of probabilities p = {p,, | w € W} can be chosen to tune the degree and
clustering coefficient of the graph.

Fig.1. Random intersection graph. V is set of
nodes and W is set of attributes. A particular at-
tribute w; is associated with every node indepen-
dently at random with probability p;.

3 Mathematical Preliminaries

In this paper, we analyze the component evolution of the general RIG structure. As we
have already mentioned, the major challenge comes from the underlying structure of
RIGs, which involves both a set of nodes and a set of attributes, as well as a set of
different probabilities p = {p,, | w € W}.

Moreover, the edges in RIG are not independent. Hence, a RIG cannot be treated as
an Erd6s-Rényi random graph G,, 5, with the edge probability p = 1 —T], ¢y (1 —p3).
However, in [12], the authors provide the comparison among G, 3 and G(n,m,p),
showing that for m = n® and a > 6, these two classes of graphs have asymptotically
the same properties. In [25], Rybarczyk has recently shown the equivalence of sharp
threshold functions among G,, 5 and G(n, m, p), when m > n3. In this work, we do
not impose any constraints among n and m, and we develop methods for the analysis of
branching processes on RIGs, since the existing methods for the analysis of branching
processes on G, ,, do not apply.
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We now briefly state the edge dependence. Consider three distinct nodes v;, v;, vy
from V, and let “—” denote adjacency, so that v; < v, iff [W(v;) N W(v;)| > 1.
Conditional on the set W (vy), by the definition @), the sets W (v;) N W (vx) and
W (v;) N W(vi) are mutually independent, which implies conditional independence
of the events {v; < vy | W(uvg)}, {vj < vi | W(vg)}, thatis,

Plv; < vg,vj < v | W(vr)] = Plog <> v | W(0g)] Ploj < vp | W(wg)].  (4)

However, the latter does not imply independence of the events {v; < v} and {v; <
vy } since in general

Plv; < vg,vj < vg] = E[P[vi — Uk, V5 <> U | W(vk)”
= E[P[vi — v | W(vg)] Ploj < vy | W(vk)]]
7& P[Ui > 'Uk-] ]P’[’Uj — 'Uk-]~ 5)

Furthermore, the conditional pairwise independence (@) does not extend to three or
more nodes. Indeed, conditionally on the set W (v), the sets W (v;) "W (v;), W (v;) N
W (vg), and W (v;) N W (v) are not mutually independent, and hence neither are the
events {v; < v;}, {v; < v}, and {v; < vy}, that s,

Plv; < vj,v; < vk, v; < vg | W(vg)] # Plu; < v; | W(vk)]
xPlv; < vg | W (k)] Ploy < v | W(vg).

4 Auxiliary Process on General Random Intersection Graphs

Our analysis for the emergence of a giant component is inspired by the process de-
scribed in [2], which measures the size of a component by counting the number of steps
until a breadth-first search terminates. The difficulty in using this approach to analyze
the evolution of the stochastic process defined by equations (@), @), and @) resides
in the fact that we need, at least in principle, to keep track of the temporal evolution
of the sets of nodes and attributes being explored. This results in a process that is not
Markovian.

Therefore, we instead construct an auxiliary process that is simpler to analyze but
whose stopping time is, in distribution, identical to that of the breadth-first search. The
process is algorithmically defined as follows.

Auxiliary Process. Start from an arbitrary node vy € V. Denote by V; the cumulative
set of nodes visited by time ¢, which we initialize to Vj = {v(}. Denote the cumulative
set of all attributes [6] associated with the set V; by

t
Wy = | W) (6)

7=0

Now consider the set of nodes adjacent to V; but not yet visited:

{veV\Vt:W(v)ﬂWHé@}. %
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Following [2], we call this the set of alive nodes at time ¢. Unlike in [2], however, we
do not keep track of the actual list of alive nodes, but only the size of the set, which we
denote by the random variable

n:‘{ueV\m:W(v)thﬂ}‘.

The process evolves as follows: for ¢ > 1, pick a node v; uniformly at random from the
set V'\ V4_1 and update the set of visited nodes V;, = V;_1 U{v;} = {vo,...,v:}. Then
update the set of alive nodes and Y;. The process terminates when Y; reaches 0.

To understand why this auxiliary process is useful, notice that due to the indepen-
dence of the random variables I, ,,, at step ¢ every node in V' \ V; is equally likely to
belong to the set () of alive nodes. Consequently, picking the next node v,y uniformly
from V' \ V; is the same random process as picking v;1 uniformly from the set of alive
nodes (as in [2l]), conditional on the history of the attribute sets uncovered up through
time ¢:

Ht = {W(Uo),W(U1)7...7W(Ut)}. (8)

In the latter process, the stopping time
T(vo) =inf{t >0:Y; =0} C))

would simply be equal to |C(vg)| — 1, where |C(vp)| is the size of the component
containing vg [2]].Thus in the auxiliary process, since it is stochastically equivalent,

T(vo) 2 |C(vo)| — 1. (10)

4.1 Process Description in Terms of Random Variable Y;

Let us characterize the process {Y; };>1 in terms of the number Z; of newly discovered
neighbors of V;:
Zy =Y =Y 1+1, (11)

where the term +1 reflects the fact that v, is discovered at time step ¢, but it is not
counted in Y; because it has been visited. For nodes that are neither visited nor alive, the
events of their becoming alive at time ¢ are conditionally independent given the history
‘H:, since each event involves a different subsets of the indicator random variables I, ,,.
W (v:) and W;_4 are mutually independent, hence the conditional probability that such
anode u becomes alive at time ¢ is

T = Plu < v, u 45 Vi1, U b Vg, ..., u ¥ v Hy
=P[W(u) "W (vg) # 0, W(u) N Wi—1 = 0|H]
=P[W(u) "W (ve) # 0, W (u) N Wiy = 0|W (vr), Wy1]
= P[W (u) N W (vg) # O|W ()] P[W (u) N Wiy = D|W;_1]
= (1— (1—pa)) IT -ps).

€W (ve) BEW;_1
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The last expression can be rewritten as

Ty = H QB*HQQ

BEW:_1 aeWy
= ¢t—1 — P, (12)

where we set ¢,, = 1 —p,, forallw € W and ¢; = Ha ew, das and use the convention
W_i=0and¢p_1 = 1.

Observe that the probability (I2)) does not depend on u. Hence the number of new
alive nodes at time ¢ is, conditional on the history H;, a Binomial distributed random
variable with parameters r, and Ny = n —t — Y;:

Zt+1|Ht ~ Bin(Nt,rt). (13)

Now, by mathematical induction in ¢, it easily follows that for times ¢ > 1 the number
of alive nodes Y satisfies:

t—1
VA NBin(nfl,lf H(lfn)) 41 (14)
7=0
4.2 Expectation and Variance of ¢,

The history H; embodies the evolution of how the attributes are discovered over time.
It is insightful to recast that history in terms of the discovery times I, of each attribute
in W. Given any sequence of nodes vg, vy, v2, . . ., the probability that a given attribute
w is first discovered at time ¢ < n is

Ply=1t=Plyw=11y ;w=0,...,04, =0
= pu(l —pu)'.
If an attribute w is not discovered by time n — 1, we set I, = co and note that
Py =00] = (1 —pw)™.

From the independence of the random variables I, ,,, it follows that the discovery times
{Iy : w € W} are mutually independent. We now focus on describing the distribution
of ¢y = HaGWt Ge- For t > 0, we have

t t
o= T a=T1 II eIl I a5 = [] &= a3

acW; J=0 aeW;\W;_1 J=0wew weW
Elo) = T] (1- (1 —q)1—gt). (16)
weW

The concentration of ¢y will be crucial for the analysis of the supercritical regime.
Hence, we provide E[¢g] and E[¢Z] here. In Subsection[5.2) we will assume that p,, =
p(logn/n). Under this condition, it follows from (I6) that

Elgo) = [[ 0 =pl)=1- > i +o( D pi) (17)

weWw weWw weWw
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Moreover, under the same condition, it follows from (13) that

Blod) = B[] 21 = T (1-(-aplrn=0)) = I] (1- (1 -glpu)

weWw wew weWw
= I (1-20b+pd) =1-2 3 pl+o( Y wh). (18)
weWw weWw weWw

5 Giant Component

With the process {Y:}:>0 defined in the previous section, we analyze both the sub-
critical and supercritical regime of a general random intersection graph by adapting
the percolation-based techniques used to analyze Erdds-Rényi random graphs [2]. The
technical difficulty in analyzing that stopping time rests in the fact that the distribution
of Y} depends on the history of the process, dictated by the structure of the general RIG.
In the next two subsections, we will give conditions for the absence as well as for the
existence and uniqueness of the giant component, in general RIGs.

5.1 Subcritical Regime

Theorem 1. Suppose that

pw = O(1/n) forallw and Z p3 = 0(1/n?).
weW

For any positive constant ¢ < 1, if Y ./ p2 = c¢/n, then wh;ﬂ all components in a
general random intersection graph G(n, m, p) are of order O(logn).

Proof. We generalize the techniques used in the proof for the sub-critical case in G, p,
presented in [2]]. Let T'(vg) be the stopping time defined in (), for the process starting
at node vo and recall that T'(vo) 4 |C(vg)]. We will bound the size of the largest
component, and prove that under the conditions of the theorem, all components are of
order O(logn), whp.

Forall ¢ > 0,

P[T(vo) > t] = E[P[T(vo) >t | H¢]] < E[P[Y; > 0| Hy]]

t—1
=E |PBin(n— 1,1 - [J(1=r.) >t | Hi]| . (19)
7=0
Bounding from above, we have
t—1 -
17H 1*7‘7— ZT‘T—Z ¢7717¢T):17¢)t717 (20)
=0 =0

2 “With high probability,” meaning with probability 1 — o(1), as the number of nodes n — oo.



Component Evolution in General Random Intersection Graphs 43

which can readily be shown by induction in ¢ for 7, € [0, 1]. By using stochastic or-

dering of the Binomial distribution, both in n and in Zt;:}) r-, and for any positive
constant v < 1, which is to be specified later, it follows that

P[T(vo) >t | H:] < P[Bin(n Z ) >t | He] < P[Bin(n,1— ¢p—1) > (1 — v)t | Hy]

= P[Bin(n 1-— ¢t 1) t | 1-— ¢t—l < (1 —v t/nﬁ'Ht}IF’[l — 1 < (1 — V)t/n ‘ Ht]
+PBin(n,1 —¢i—1) >t |1 — i1 > (1 —v)t/n N HJP[L — -1 > (1 —v)t/n | HY

< PBin(n,1 —¢i—1) >t |1 —dr—1 < (1 —v)t/nNHy]
+P[L —¢e—1 > (L —v)t/n | Hel. (2D

Furthermore, using the fact that the event {1 — ¢,_; < (1 — v)t/n} is H;-measurable,
together with the stochastic ordering of the binomial distribution, we obtain
PBin(n,1—¢i—1) >t | 1—¢s—1 < (1—v)t/nNH;] < P[Bin(n, (1—v)t/n) >t | Hy].
Taking the expectation with respect to the history H; in 1)) yields

B[T(vo) > f] < B[Bin(n, (1 - v)t/n) > ] + B[1 — g1 > (1 — v)t/n].

For t = Kylogn, where K is a constant large enough and independent on the initial
node v, the Chernoff bound ensures that P[Bin(n, (1 — v)t/n) > t] = o(1/n), and

P{1 - ¢:—1 > (1 —v)t/n} :}P{ H Q%ngt) <1- (1- V)t}

n
weWw

:P{ D> log (1 1pw) (I < 1) 2 ~log (1 _a ‘n”)t)}

sP{Zlog(llpw)H(Fwst)z (1;””}. (22)

weWw

Define the auxiliary random variables Xy ,, = nlog(1/(1 — pw))I(Lw < t), so that

EX] = ntog (| 1 )= ab) = n(pu +olpn) (1= (1= )"

= n(p’w + 0(pw)) (tpw + O(tpw)) = ntngu + 0<ntp121;)7 (23)
which implies
> E[Xew] =nt Y pl(1+0(1)). (24)
weWw weW

Thus under the stated condition that

nz:pi,:c<17

weWw
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it follows that for some constant ¢/, where ¢ < ¢’ < 1, and for sufficiently large n,
> wew E[X¢ 0] < ¢t Inlight of 22) and Bernstein’s inequality [5],

P[l > U ;”)t] < IP{ 3 Xiw > (1- y)t]
weWw

wew
Sy 2
< exp { 3>, Var[Xy ] +nt maxwtpw(l +0(1)) }(25)
Since
E[X},] = (n log (1 _1pw))2(1 —q,) =n" (pw + 0(pw))2(1 -1 *pw)t)

=n? (p?u + 0(193])) (tpw + O(tpw))) = n’tp;, + O(nztpii), (26)

it follows that for some large constant ; > 0

Z Var[ Xy ] < Z E[X?,] =n’t Z 3 +o(n2t Z pf’u) < Kit.

weWw weWw weWw weWw

Finally, the assumption of the theorem implies that there exists a constant K5 > 0 such
that

N Max Py < Ko.
weWw

Substituting these bounds into @23)) yields

3(1—v— c’)2t> _

Pl = ¢ > (1= v)t/n] <exp (‘ 2(3K1 + K>)

Taking v € (0,1 — ¢) and t = K3logn for some constant K5 large enough and not
depending on the initial node v, we conclude that P[1 —¢;_1 > (1—v)t/n] = o(n™1),
which in turn implies that taking constant K, = max{ Ky, K3}, ensures that

P[T(vg) > Kalogn] = o(1/n)

for any initial node vg. Finally, the union bound over the n possible starting values vy
gives
P[max T'(vo) > K4logn] < no(n™') = o(1),

voEV

which implies that all connected components are of size O(logn), whp.

5.2 Supercritical Regime

We now turn to the study of the supercritical regime in which lim,, oo 1) cw p? =
c> 1.
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Theorem 2. Suppose that

Pw = o(loin) forallw and Z i O(logn).

n2
weW

For any constant ¢ > 1, if 3, v p2, = c/n, then whp there exists a unique largest
component in G(n, m, p), of order ©(n). Moreover, the size of the giant component is
given by nC.(1+ o(1)), where (. is the solution in (0, 1) of the equation 1 — e ¢ = (,
while all other components are of size O(logn).

Remark. The conditions on p,, and >  p3 are weaker than ones in the case of the
subcritical regime.

Proof. We start by bounding 1 — Hi_:lo(l — 7). The upper bound Zi_:lo r- has al-
ready been established in 20). For the lower bound, we apply Jensen’s inequality to the
function log(1 — x) to get

tog [ [(1 =) = 3" log(1 =) = 3 log (1= (6,1 — 6,))

=0 =0
t—1

1 1=
< — _ — _ .
<tlog (1 ; Tgo(dﬁf_l @)) tlog (1 ) ) (27)
In light of (13), ¢; is decreasing in ¢, and hence
t—1

1—¢r—1\? 1—¢o\?

— — >1— — > 1 — — .
1 7Llo(l TT) >1 (1 . ) >1 (1 ; ) (28)

¢
To bound 1 — (1 - 1_t¢°) further, consider the function f;(z) =1 — (1 — z/t)! forz

in a neighborhood of the origin, with ¢ > 1. For any fixed x, f;(x) decreasesto 1 —e ™"
as ¢ tends to infinity. The latter function is concave, and hence for all x < ¢,
—€
fi(z) >1—e" > ! Ee x.

Focusing on 1 — ¢q, from (I8) and (IZ), by using Chebyshev’s inequality with
> wew P = ¢/n, it follows that ¢ is concentrated around its mean E[¢o] = 1 — ¢/n.
Therefore, with probability 1 —o(1/n), 1 —¢o = o(1). But (1 —e~¢)/e can be made ar-
bitrary close to 1 by taking ¢ small enough, so it follows that 1 — Hi_:lo(l —r.) > /n
for some constant ¢’ € (1, ¢) arbitrarily close to c¢. Hence, the branching process on RIG
is stochastically lower bounded by Bin(n— 1, ¢’ /n). But this bound itself stochastically
dominates a branching process on G, . /,,. Because ¢’ > 1, there exists whp a giant
component of size &(n) in G,, o /,,. This implies that the stopping time of the branching
process associated to G, ./, is ©(n) with high probability, as is therefore the stopping
time 7, for some v € V. Thus, whp there is a giant component in a general RIG.

We now show that this giant component is unique and that all other components have
size O(logn). Consider the size of the giant component. From the representation (I3)
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for ¢;_1, consider the previously introduced random variables X; ,, = nlog(1 /(1 —
pw)) (I, < t). Similarly to the proof of Theorem[T] it follows that under the conditions
of the theorem there is a positive constant § > 0 such that ) X, ,, is concentrated
within (1 & 6) Y>>, E[X; ] = (1 £ 6)c/n, with probability 1 — o(1). Hence, there
exists pt = ¢ /n, for some constant ¢™ > ¢ > 1,suchthat 1 — ¢y < 1— (1 —p™)?,
which is equivalent to —log ¢; 1 < tlog(1 —p*) = tpT +o(tp™) = tc™ /n+o(t/n).
Similarly, the concentration of ¢;_; implies that there exists p— = ¢~ /n, with ¢ >
¢ > 1,suchthat 1 — (1 —p~ )" < 1—(1—(1— ¢¢_1)/t)", which implies that
—loggi—1 > tlog(l—p~) =tp~ +o(tp~) = tc” /n+ o(t/n). Combining the upper
and lower bound, we conclude that, with probability 1 — o(1), the rate of the branching
process on RIG is bracketed by

t—1

1-(1-p ) <i-JJa-r)<1-@1-pH). (29)

7=0

The stochastic dominance of the binomial distribution, together with 29), implies

P[Bin(n— 1,1-(1 —p*)t) > t] < P[Bin(n— 1,1 ﬁu —rT)) > t]

< P[Bin(n 111 —p+)t) > t]. (30)

In light of (29), the branching process {Y;};>¢ associated to a RIG is stochastically
bounded from below and above by the branching processes associated with G, ,— and
G, p+ respectively [2]. Since both ¢, ¢t > 1, there exist giant components in both
Gp p- and G,, ,+, whp.

In [24], it has been shown that the giant components in G, 3 /p, for A > 1, is unique
and of size & n(y, where () is the unique solution in (0, 1) of the equation

1—e M= (31)
Moreover, the size of the giant componentin G, /,, satisfies the central limit theorem

max, {|C(v)}| — Can G(1=¢n)
Vn NN(O’ (1—)\‘5‘)\(/\)2)' .

From the definition of the stopping time (see (19)) and given (30Q) and (32), there is a
giant component in a RIG of size at least n{) (1—o0(1)), whp. Furthermore, the stopping
times of the branching processes associated to Gy, ,- and G, ,+ are approximately
¢n, where ¢ satisfies 31), with A= = np~ and AT = np™, respectively. These two
stopping times are close to one another, which follows from analyzing the function
F(¢,¢) =1~ ¢ — e, where (, ¢) is the solution of F(¢, c) = 0, for given c. Since
all partial derivatives of F'(C, ¢) are continuous and bounded, the stopping times of the
branching processes defined from Gn’pf, Gn,p+ are “close” to the solution of (31, for
A = c. From (30), the stopping time of a RIG is bounded by the stopping times on
Grp—s Gppt-
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For the last part of the proof of uniqueness of the giant component, we adapt the argu-
ments in [2]] to our setting. Let us assume that there are at least two giant components in
a RIG, with the sets of nodes Vi, Vo C V. Let us create a new, independent “sprinkling”
1{1?} on the top of our RIG, with the same sets of nodes and attributes, while p,, = p7,
for v > 1 to be defined later. Now, our object of interest is RIG,,.,, = RIG U RIG. Let
us consider all ©(n?) pairs {vy, v}, where v; € V;,v9 € Vo, which are independent in
l{Ia, (but not in RIG), hence the probability that two nodes v;,vs € V are connected
in RIG is given by

1-J[a-p) =1-T[C-p) Zpi7+ Zp (33)

w

since ¥ > 1 and p,, = O(1/n) for any w. Given that ) p2 = c¢/n, we choose
v > 1sothat ), p2’ = w(1/n?). Now, by the Markov inequality, whp there is a pair
{v1,v2} such that v; is connected to vy in l{Ia, implying that V;, Vo are connected,
whp, forming one connected component within RIG,,.,,. From the previous analysis, it
follows that this component is of size at least 2n() (1 — §) for any small constant § > 0.
On the other hand, the probabilities p},* in RIG,,¢,, satisfy

p;rbew = 1*(1*]91”)(1*1%) = Pw +]3w(17pw) = Pw +pyﬂ(1*pw) = pw(1+0(1))7

again since v > 1 and p,, = O(1/n) for any w. Thus,

ST =3 e pi(1-pw) = D pA(1+o(1) = ¢/nto(1/n).

weWw weWw weWw weWw
(34)

Given that the stopping time on RIG is bounded by the stopping times on G,, ,,-, G, n,pt
and from its continuity, it follows that the giant component in RIG,,,, cannot be of size
2n¢x(1 — §), which is a contradiction. Thus, there is only one giant component in RIG,
of size given by n¢.(140(1)), where (. satisfies (31)), for A = c. Moreover, knowing the
behavior of G, 5, from B0), it follows that all other components are of size O(logn).

6 Conclusion

The analysis of random models for bipartite graphs is important for the study of algo-
rithms on networks formed by associating nodes with shared attributes. In the random
intersection graph (RIG) model, nodes have certain attributes with fixed probabilities.
In this paper, we have considered the general RIG model, where these probabilities
are represented by a set of probabilities p = {p,, : w € W}, where p,, denotes the
probability that a node is attached to the attribute w.

We have analyzed the evolution of components in general RIGs, giving conditions
for existence and uniqueness of the giant component. We have done so by generaliz-
ing the branching process argument used to study the birth of the giant component in
Erdds-Rényi graphs. We have considered a dependent, inhomogeneous Galton-Watson
process, where the number of offspring follows a binomial distribution with a different
number of nodes and different rate at each step during the evolution. The analysis of
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such a process is complicated by the dependence on its history, dictated by the structure
of general RIGs. We have shown that in spite of this difficulty, it is possible to give
stochastic bounds on the branching process, and that under certain conditions the giant
component appears at the threshold ), 1/ p2, = 1, with probability tending to one,
as the number of nodes tends to infinity.

we
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